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The temperature field is determined in a circular plate with a system of thin extrinsic heat 

sources. 

In designing and p repa r ing  engineer ing s t ruc tu re s  and ins t ruments ,  in pa r t i cu la r  e l ec t rovacuum ins t ru -  
ments ,  it is of pa r t i cu la r  in te res t  to de te rmine  and invest igate  the t e m p e r a t u r e  field in p la te - l ike  e lements  
with a s y s t e m  of ex t r ins ic  inclusions.  

We will examine a c i r cu l a r  plate with radius  R, containing thin ext insic  c i r c u l a r  heat  sou rces ,  which a re  
positioned on concentr ic  c i r c l e s  with radius  b id  = 1, 2 . . . .  , m) (Fig. 1). The number  of inclusions on the i - th  
c i rc le  is assumed to be ni and t he i r  radius  Ri,  while the specif ic  intensi ty  of the heat  sources  qi(T ) in the in-  
clusions is a ssumed  to v a r y  with t ime .  On each of the c i r c l e s ,  the inclusions can be positioned as follows: 
E i ther  the po la r  angle between the f i r s t  and the ni - th  inclusions is 2~oi, and they a r e  s y m m e t r i c a l l y  placed 
re la t ive  to the radius of the p la te ,  which we a s s u m e  to be  the or igin  for  measu r ing  the po la r  angle,  and the r e s t  
of the inclusions a r e  posit ioned between the ones indicated at equal d i s tances ,  o r  one of them is placed on the 
rad ius ,  which s e rve s  as the or igin  for  measu r ing  the po la r  angle,  and the r e s t  of the inclusions a r e  posit ioned 
cycl ica l ly  along the c i rc le .  Convective heat  exchange with the externa l  medium with t e m p e r a t u r e  im(r) occurs  
through the la te ra l  su r faces  of the plate  z = • 5. The end-face  su r face  of the plate is a s sumed  to be t h e r m a l l y  

insulated.  

In o r d e r  to de te rmine  the nons ta t ionary  t e m p e r a t u r e  field in the plate  being examined with the inclusions 

we have the equat ion of heat  conduction [1] 

1 a Fr)~(r ' (p)OT 1 1 O Is ' (p)c)T1 a(r, (p)[T--tra('~)]-kW(r, % ~ ) = C ( r ,  ~ )OT (1) 

and boundary  conditions 

Tt~=o = 0; (2) 

OT [ -- O; Tl~=o ~ oo; ~ ~=R (3) 

O~ ~=0 ~---* (4) 

/ 

Fig. 1. Sta tement  of the p r o b -  
lem.  
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Fig.  2. Computed  t e m p e r a t u r e  p ro f i l e s  for  s h o r t  t i me s  (~0 = 0; bl* 
Fo = 0.5; 2) 1.0; 3) 3.0; 4) 5.0. 

= 5): i )  

Fig.  3. T e m p e r a t u r e  p ro f i l e s  for  d i f f e r e n t  r a d i i  fo r  the c i r c l e s  on which the 
i n c l u s i o n s  w e r e  p laced ,  with n = 6; ~0 = 0: 1) bt* = 3.0; 2) 5.0; 3) 8.0. 

Condi t ions  (4) follow f r o m  the phys ica l  s y m m e t r y  of the s y s t e m .  In the case  be i ng  e x a m i n e d ,  it is  c l e a r  
that  ,~ = u, but  in s o m e  p a r t i c u l a r  c a s e s  the va lue  of ~ can  be d i f f e ren t .  

Let us r e p l a c e  the c i r c u l a r  i n c l u s i o n  by  an  i n c l u s i o n  with a c r o s s  s e c t i o n  shaped l ike  a c u r v i l i n e a r  t r a -  

p e z i u m ,  and in  addi t ion ,  the t r a n s v e r s e  c r o s s - s e c t i o n a l  a r e a s  in  both c a se s  m u s t  be iden t i ca l .  We wil l  wr i t e  
down the  t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  of such a s y s t e m  with the he lp  of the c h a r a c t e r i s t i c  func t ions  [2] in  
the fol lowing form:  

whe re  

~ (5) 
t3 (r, q~) = fSo + (t3~ - I~o1 M~ (r) ~ N , ,  (qO, 

i ~ l  k ~ l  

M~(r) = S ( r - - b i  + R ~ ) - - S ( r - - b ~ - -  Ri); (6) 

N ~  (~) = S ((p - -  m~ + ~ )  - -  S (~ - -  ~ - -  s~); (7) 

ei = uRi /4b  i is chosen  f r o m  the iden t i ty  of the c r o s s  s e c t i ona l  s u r f a c e  a r e a s ;  ~0ik = [(2n - 2 ~ i ) / n * ] ( k -  1) + (Pi; 
ni  *~ = ni  - 1 u n d e r  the condi t ion  that  ~i  ~ 0, and ni* = ni ,  ~i  = 0 with cyc l i ca l  pos i t i on ing  of i n c l u s i o n s  a long 
the circle; 

l, x ~ O ,  

s(x)= x=o ,  

O, x < O  

is the unit symmetrical function; the plate characteristics are labeled with the index zero, while i labels the 
inclusion on the i-th circle. 

We will write the specific intensity of the heat sources in the form 

ni 

W(r, % "~) = qz (T) M~ (r) Z N~k (qO. 
i = I  h ~ l  

(8) 

Taking into account the fact that the inclus ions are thin, we will represent the characteristic functions in 
expressions (6) and (7) in the form [3] 

(~ a (r - -  bi, R~) 8 (~  - -  ~ih, ~ ) ,  (9) M~ (0  ~r (~) = ~ -  

where  5 (x, h) = (S(x + h) - S(x - h ) ) /2h  with h ~ 0; ~i = ~R~ is the t r a n s v e r s e  c r o s s - s e c t i o n a l  a r e a  of an i n c l u -  
s ion .  
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Substituting the thermophysical characteristics (5) and the specific intensity of the heat sources in sys- 
tem (8) taking into account the equality (9) in Eq. (i), applying the Laplace transformation with respect to time 
taking into account the initial condition (2) and the finite Fourier cosine transformation with respect to the an- 
gular variable in the limits from zero to ~b and the boundary conditions (4) and taking the limit for Ri ~ 0, for 
which ~i remains constant, we obtain the following equation for the transforms with impulse-type singularities 

on the right side: 

d@- t_  1 d~ ( v  z ) (10) 
dr - - - ~  r dr -r ~- -1- 7z ~" = ~ (r, p, s), 

where  

f (r, 0, s) = -- • 9tin-? A~6 (r--  b~) for 

L i 

f (r, p, s) = 2 B,~ ( r - -  b~) fo~ 
i = l  

p =0 ;  

p ~ l ;  

Z p~ 

h = l  

z.~ 07 ~ (P)] B , =  Z [ E , h c b i h ( P ) - - d ~  ~=b ~ ~h  ; 

k =  I ~=q)  i h 

(P~rP ih 

s (h Ci ~o . 
o ~ = - -  ( C * - - l )  +z~; C* �9 a o = - - ,  

ao ~ = --~o ' Co 

�9 ) ~ * _  ~ . ~ * 2 ~ �9 

d~-- Ni L o b~ ' 7 =  -F zz o; 

cI)~(p)= S 6(q~--%~)cosv~pdr p=O,  1, 2, . . . ;  
0 

j" d [6(q~--%h)lcosvq0d% p = l ,  2, 3 . . . .  ; a~(p) = - ~  

0 

L i takes values so that ~0iL i _< ~b, while ~0i(iA+0 > ~. 

Finding the solution [4] of Eq. (10) taking into account the boundary conditions (3) in the case  that  p = 0 
and p >_ 1, respec t ive ly ,  and applying the t rans format ion  formula  for the finite Four ie r  cosine t r ans fo rm,  we 
obtain the following express ion  for  the Laplace t r an s fo rm  of the t empera tu re  field: 

rn 

7~(,, % s )=x~ & - -  l ~ z  T Zt=, b, [A/Fo(7, R, bl, r ) + f i  p=i ~ BIFv(7, R, b,, r) cosvq~], (11) 

where  

Fv(7, R, bi, r) = K~(ybi) Iv(yr) S(b~--r) -F l~(yb~) K~(Tr) S ( r - -b i )  - -P jv (yb i )  I~(Tr); 

, , a sys t em of In o rde r  to de te rmine  the unknown quantit ies :Plr=0~ , ~ ,=b~ Oq~ r=b~ 
eP=~ t k 

@=tP f k ~=q~ i k 

m 

3 Z iL~ algebraic  
i = !  

equations follows f rom f l l ) :  
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Tl~=b, =• 72 - -  bi AiFo(7, R, bl, b j ) +  

+ 2 2  BiF'~(7' R, bl, b,) cos v~,, ] ,  
p =  1 

m 

O'Or r=b] -- *1 V#~I b~[AiH~ R' bi' b J ) + . =  
q)=q)jl 

p ~ l  

= 1 , 2  . . . . .  m), 

~0-~ = ~ b, BIvF,~(7, R, hi, b~)sinvcpiz , 
i=1  p = l  

r j l 

where H,(7, R, bl, b3)= dF'(7' 17, hi, r) I . 
d r  r=b i 

Let us examine a plate with n extr insic  heat sources ,  cycl ieal iy  placed on a single circle .  
in (11) 

(12) 

In this case, 

2 ~  
m =  1; % = 0 ;  n ~ = n ;  qq1~--  (k- - l ) ,  k =  1, 2 . . . . .  n; 

n 

ys 
-- ; L~ = I ; v = np. 

Then 

[m n Ab~IFo(7, R, b~, r) + 2 2 Fv(7, R, b~, r) cospncpJ (13) ~(r, % s ) =  ~o ~ ~ 
p=l  

whe re 

A = 0,5 ( ~  P[r=~ - -  g, O? - -  xf~--  0.1. 
(p=0 

In o rder  to determine the quantities T[r=b,~=0 and -~-OT r=01 f rom (12) we obtain the following sys tem of a lgebraic  

equations ~=o 

Glifb=b~=0 + Gj2 -870~ r=0~ = fl, 
~p=0 

a 

~0=0 

where 

(14) 

n G~l = 1+ ~ ohb~Di(7, R, b~); 
/7. 

G~2-- &b~Dl(7, R, bt); 
2g 

n r/ G2i = ohbiD~(7, R, bi); G~2= 1--  - -  gibiD2(7, R, bi); 
2a 2n 

~m n Ft 
fi = z2 - ~  + -~- b~ (~fm+ 0,) D~ (7, R, b~); f2 = ~ -  bi ()fit'm+ (~,) D2 (% R, b~); 
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have 

D~(7, R, b~)= F o(7, R, b~, b~)+ 2 2 F,(7, R, b~, b~); 
p~l  

D2(7, R, b,)---Ho(% R, b,, b~)@ 2 2 H,(% R, b~, b,). 
p~l  

Determining the quantities Tit=b, a n d  0_~_T [ from (t 4) and substituting them into expression (13), we 
s Or r=b~ 

~0 

lz bt (0t-~ 2- - x t  r~Ql 
:7"(r, % s)=• 7@ 2~ A 

where A = 1 + (n/2u)w~biD1( % II, bl)- (n/2~)glbiD2( % If, bl). 

Fo(7, R, bi, r ) +  2 ~ F,(7, R, b~, r)cospnqo , 
(15) 

Assuming that the tempera ture  of the external  medium and the specific intensity of the heat  sources in 
the inclusions vary  in t ime according to the law 

{rn(~) ~ loS+ (I;) and qi ('~) ~--- qoS+ ('0, (16) 

we obtain 

7"(r, % s)=• to n b~ 
s "7 z 2 ~ 

) -~2- - -  Xl to - -  (% 

sA 
[F0(7, R, b,, r)-t-2 2 F.(% R, b~, r)cospncp], 

p=l  

(17) 

where Oo-  qo a~ . {I, z > 0 ,  
9~o bi ' S+(~)= 0, ~ < 0  

is the asymmetric unit function. 

From expression (17), we obtain an expression for the temperature  field for an infinite plate in the ab- 
sence of heat  sources in the inclusions for short  t imes in the section ~ = 0. In this case,  Pu = 0, q0 = 0, and 
taking into account the approximation of the modified Bessel  functions for large values of the argument,  in 
which we neglect all t e rms  in the expansion other than the f i r s t ,  we have from (17) with r > 0 

7'(r, s) to • to • Z~ exp [-- 7 Ir-- 0t11. 
s 7 2 s @ (o i 

Transforming in (18) to the original function and writing it in dimensionless form, we obtain 

l ~ / /  b~ {exp(--[*Fo)[exp(1/f~[b~--p[)•  t~ = 1 --- exp (-- BioFo) + --2-- ~ -  

p_l ) -01 
• eric / 2 }/-F~ + ~ + exp (-- ~ lb~ --  Pl) erie \ ~ ~ o o  

)] - -  1JfTV; - 2exp(--BioFo) erfe k 2 I t '  

(19) 

where 

T(p, Fo) ; i* = BioC*--Bi~)~l* ; f .  Bi,~*--Bi o 
t o C* --  1 C* --  1 

Bib ak6 k 0, 1; Fo = a~ b* = b~ r 
~k 6z 6 6 

2; 
eric (x) = V-~ exp (-- u z) du. 

x 

In the s tat ionary thermal  regime,  we have from (17) 
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Fig. 4. Temperature profiles for 

different numbers of inclus ions 

( p = b ~ * = 5 ) :  1) n = 6 ; 2 )  5; 3) 4; 
4) 3. 

(3=  n po(R.)a  D (F~ -t- 2 s F~* cospnq~) , 
2 p=l 

(20) 

where 

@ T(p, 9 ) - - t o  ; P o =  q~ R* Ri . 
to s 6i 

F* = K~(V-~o b*)I~(]/-~op)S(b*--P)§ b*)K~(V'~o p)x 

xS(p--b*)--P* I~(1/-~o b*) t~(V'-~o 9); 

p ,  = ~Kv(1/Ko ~*)- -  K-~o R*Kv+i (K-~o ~*) ; ~ ,  _ R . 
% (l/No R*) + / ~ o  R*t~+, (1/N~o R*) 6 

(R*) 2 (Bi is  D~ - -  (s - -  l) g - ~ ~  D* �9 D =  1 + - - ~  b-~- ' 

D~ - ~0 (~00 bT) I0 (~00 b 7) -- Ptg (V~0 b~) + 

+ 2 ~ IKv 0/~Bio bT) L (V~0 s g 0/-~0 b~*)l; 
p=l 

D~ = H* -k 2 s H*~ ; 

v 1 
t/~*-- V N o b r  I ~ ( 1 / N o b D K ~ ( V g % b r ) +  ~ [K~(g 'gVob~)x  

[ ~ / ~ ( / ~ o ~ ) + ~ + , ( v ~ o ~ 7 ) ] .  

Using  f o r m u l a s  (19) and (20), the t e m p e r a t u r e  f ield in a g l a s s  p la te  (k 0 = 0.798 W/re .  K; C o = 1642.2 J / m  3. 
K) with m e t a l l i c  inc lus ions  (~1 = 15.12 W / m -  K; C 1 = 3788.4 J / m  a. K) was  c o m p u t e d .  In th is  c a s e ,  i t  was  a s -  
s u m e d  tha t  Bi 0 = 0.01; Bi 1 = 0.1. 

F igu re  2 shows the  r e s u l t s  of a ca l cu la t ion  of the  t e m p e r a t u r e  p r o f i l e s  fo r  an inf ini te  p la te  in the  s e c t i o n  
= 0 for short times with b1* = 5. It is evident from the graph that the temperature increases with time. 

[I~e calculation for the stationary temperature regime was carried out for Po = 1.0; RI* = 0.I; R* = i0. 

Figure 3 shows the temperature profiles as a function of the polar radius with ~ = 0, n = 0 for different values 

of the radius of the circle on which the inclusions were placed. Figure 4 shows the temperature profiles as a 

function of the polar angle with p = hi* = 5 for different numbers of inclusions. As the radius of the circle on 

which the inclusions are placed increases, the temperature of the plate decreases. Increasing the number of 

inclusions with fixed radius of the circle on which they are placed increases the temperature. 

N O T A T I O N  

T,  t e m p e r a t u r e  in the  p la te  with the  inc lus ions ;  r ,  p o l a r  r ad ius ;  ~ ,  p o l a r  angle;  r ,  t ime ;  X(r, q~), c o e f f i -  
c ien t  of thermal conductivity; ~ (r, ~), heat transfer coefficient; C(r, ~v), volume heat capacity; W(r, ~, r), 

specific intensity of the heat sources; 6, half thickness of the plate; 5(x), Dirac's de]ta function; T, finite 

Fourier cosine transform of the temperature; p, parameter for this transformation; ~', Laplace transform of 
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the t e m p e r a t u r e ;  s ,  its p a r a m e t e r ;  Iv(x), the Besse l  function with imag ina ry  a rgument  of o rde r  v; Kv (x), the 
MacDonald function of o r d e r  v; J and | d imens ion less  t e m p e r a t u r e ;  Pc,  Pomeran t z  number ;  Bi, Blot number;  
Fo, F o u r i e r ' s  number ;  p, d imens ion less  po la r  radius;  bl*,  d imens ion less  radius  of the c i r c l e  on which the in-  
clusions a r e  placed; R*, d imens ion less  radius of the plate.  

i. 

2. 

3. 

4. 
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N U M E R I C A L  M E T H O D  F O R  S O L V I N G  H E A T - C O N D U C T I O N  

P R O B L E M S  F O R  T W O - D I M E N S I O N A L  B O D I E S  O F  C O M P L E X  

S H A P E  

Y u .  K .  M a l i k o v  a n d  V.  G.  L i s i e n k o  UDC 536.24.02 

A f in i te -d i f ference  scheme  is descr ibed  for  a cu rv i l inea r  orthogonal net which pe rmi t s  the use  
of a single a lgor i thm for  calculat ing bodies of var ious  shapes .  

The cons t ruc t ion  of cu rv i l inea r  d i f ference  nets by calculat ing the conformal  mapping of a canonical  
region (rectangle) into the given region was desc r ibed  in [1]. Unlike a rec tangu la r  net which is typical  for  
the f in i te -d i f ference  method [2-4] and in p rac t i ca l l y  impor tan t  cases  b e a r s  l i t t le r e s e m b l a n c e  to the bound- 
a r i e s  of the body, an orthogonal net re f lec ts  the nature  of the boundary,  and has  no nonregular  nodes.  An 
orthogonal net is m o r e  convenient to work  with than the nets commonly  used in the method of finite e lements  
[5] since all quanti t ies r e f e r r i n g  to the nodes of such a net (e. g . ,  the i r  coordinates)  can be wri t ten in the fo rm 
of a r ec tangu la r  ma t r ix .  Using equations of the ell iptic type as an example ,  va r i a t iona l -d i f f e rence  schemes  

for  such nets we re  d iscussed  in [6]. 

An analys is  in [7] showed that  f in i te -d i f ference  schemes  have dist inct  advantages over  va r i a t iona l -d i f -  
fe rence  schemes  in solving heat-conduct ion p rob lems .  Fo r  this r e a son  the f in i te -d i f ference  method is of 
g rea t  in te res t  for  solving heat-conduct ion p rob l ems  with orthogonal nets [8]. The p rac t i ca l  use of the a lgo-  
r i t hm obtained conf i rmed its adequate accuracy ,  high speed,  and, what is pa r t i cu la r ly  impor tan t ,  the s imp l i c -  
ity of i ts  appl icat ion for  bodies of var ious  shapes .  However ,  it is not c l ea r  f r o m  [8] under what conditions 
and at what ra te  the scheme  converges  to the solution of the or iginal  equation. 

We desc r ibe  a p rocedure  which employs  a se t  of s tandard  p r o g r a m s  to automate the p roces s  of solving 
the heat -conduct ion  equation fo r  a b road  c lass  of two-dimens iona l  regions .  If an or thogonal  net is const ructed 
by conformal  mapping,  the r a t e  of convergence  of the f in i te -d i f ference  scheme  can be es t imated .  

Let  the function F(w) = F(u + iv) map the rec tangle  G conformal ly  into the region G* in the (x, y) plane. 
We a s s u m e  that F(u + iv) is known and that  0 F / S w  exis ts  and is finite on the boundary  Fof  the rec tangle .  The 
l a t t e r  impl ies  that  G* is a cu rv i l inea r  quadrangle  in which all the angles a r e  r ight  angles .  

We cons ider  the p rob lem for  the heat -conduct ion  equation posed in G*: 

aT (1) 
c ~ L T ~ Q ,  

Ox 
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